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Motivation:

e Kleiman's iterated blow ups
—|— Universal scheme of clusters of sections

1 Degenerations of surfaces

e Parametrise (families) of clusters of points ~~~> of sections

T =+ “all" its infinitesimal information + families of degenerations



Definition (Ordered clusters)

Cluster of sections of
(Ordered) cluster of points of

. X—"-Y
X—k N
. k
Sequence of points (p1,- .-, pr) Sequence of morphisms (o71,...,0,)
X ——blp X — ...
w w Y —— X bly, X
P1 P2 e o
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GOAL: Parametrise clusters of ...

e ... of points -~~~ Kleiman's iterated blow ups

e ... of sections ~~> Universal scheme of clusters of sections



Definition (in family)

The functor C,: Schy — Set sends T —k to

C/(T/k) := {cluster of sections (71,...,7,) of 71: X7— Y7}
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Definition (in family)

The functor C,: Schy — Set sends T —k to

C/(T/k) := {cluster of sections (71,...,7,) of 71: X7— Y7}

ke—Y <X
T Yr < Xg bl (X7) -+

~—7
T1
T2

& Definition at the level of morphisms:

Strong regularity conditions on 7



Definition (C, on morphisms)
C/(T /k) = {cluster of sections (r1,...,7,) of wr: X7 — Y7}

/ f
T2 T andr=(n....,m) € C(T) build
k

C(F)1)=(71,...,7) €CAT")

From



Definition (C, on morphisms)

C/(T /k) = {cluster of sections (r1,...,7,) of wr: X7 — Y7}

f
From T 2T and 7 = (m1,...,7,) € C,(T) build
k C(F)() = (11,...,77) €C(T)
ke Y X
T Yr < Xy <2 Y7

T

l<7 YT/ <7XT/



Definition (C, on morphisms)

C/(T /k) = {cluster of sections (71,...,7,) of mr: XT— Y7}

f
From T 2T and 7 = (m1,...,7,) € C,(T) build
k C(F)(T) = (11,..., 1) €C(T)
ke Y X
T Yr < Xp <o Yy

T

™
' Y < Xp -




Definition (C, on morphisms)

C/(T /k) = {cluster of sections (71,...,7,) of mr: XT— Y7}

From "' 7 and 7 = (m,...,7) € C:(T) build
k C(F)7) = (r],....7) e C(T)

ke VY <" X

T Yr < Xy 2> Yy
1 LT ]
T/ Y e X1 <2 Yo



Definition (C, on morphisms)

C/(T /k) = {cluster of sections (71,...,7,) of mr: XT— Y7}

N ,
From =~ and7=(7,...,7) € C,(T) build
k !

C(F)1)=(71,...,7) €CAT")

k——Y X
T Yr < Xr bl (X7) «<2— Y7

~—_ 7

W T X T
J

T/ < YT/ ‘ XT/

/
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Definition (C, on morphisms)

C/(T /k) = {cluster of sections (71,...,7,) of mr: XT— Y7}

= (11,...,7,) € C,(T) build
C(F)(7) = (m1,..., 7)) € C(T)

Yr < Xr bl (X7) «2— Y7
T2
-
T Yy <

Steady family 7: X — Y regularity conditions to define C,



First result (existence)

Theorem
If

e X5 Y is a steady family (to define C,)
e Y is proper
e X is quasiprojective

then

the functor C, is representable by a scheme Cl,

the r-th Universal scheme of families of section-clusters (Ucs) over

Proof.



First result (existence)

Theorem
If

e X5 Y is a steady family (to define C,)
e Y is proper
e X is quasiprojective
then
the functor C, is representable by a scheme Cl,

the r-th Universal scheme of families of section-clusters (Ucs) over

Proof.
r = 1 ~~» Grothendieck's FGA.



First result (existence)

Theorem
If

e X5 Y is a steady family (to define C,)
e Y is proper
e X is quasiprojective

then

the functor C, is representable by a scheme Cl,

the r-th Universal scheme of families of section-clusters (Ucs) over

Proof.

Assume (Cl,, (01,...,0,)) exists,

cl,

Clhe—Clix Y < Xy o= Clyo x X oo e— Xy «—— Xpp1 = bly, (X))
Y ' 0
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Example: pencil of planes through a line

V(xy)
T X=P\ V(x,y) —— P!

(x:y:z:w)r—(x:y)



Example: pencil of planes through a line

V(x,y)
T X=P\ V(x,y) —— P!

(x:y:z:w)r—(x:y)

Fibre of 7 at (a: B) € P}




Example: pencil of planes through a line

T X=P\ V(x,y) —— P! /

(x:y:z:w)r—(x:y)

Fibre of 7 at (a: B) € P}

s - v (

X y
aﬁ)mx

e Case r = 1 (parametrise sections of 7):

~ A4 open
C/]- - Aa,b,c,d

G(1,3), with
ax + by —z

4
(a,b,c,d)eAw—»{ x+dy —w

V(x,y)



Example: pencil of planes containing a line
e Case r = 2 (pairs of (possibly infinitely near) sections):

4 4
Aa,b,c,d X Aa’,b’,c’,d/ 2 A



Example: pencil of planes containing a line
e Case r = 2 (pairs of (possibly infinitely near) sections):

A4

4
a,b,c,d X Aa’,b’,c’,d’ 2 A
> o:P{— X a section of 7, that is, a line o(P§) C X
> T:Pﬂlﬁﬁblax a section of bIaXHXHIP’EIS,

(the exceptional divisor is P* x P')



Example: pencil of planes containing a line
e Case r = 2 (pairs of (possibly infinitely near) sections):

4 4
Aa,b,c,d X Aa’,b’,c’,d/ 2 A

> o:P;— X a section of , that is, a line o(P}) C X
» 7:PL—bl, X a section of bIC,X—>X—>IP’Et,
(the exceptional divisor is P* x P')

(1,0)




Example: pencil of planes containing a line
e Case r = 2 (pairs of (possibly infinitely near) sections):

4 4
Aa,b,c,d X Aa’,b’,c’,d/ 2 A

> o:P;— X a section of , that is, a line o(P}) C X
» 7:PL—bl, X a section of bIC,X—>X—>IP’Et,
(the exceptional divisor is P* x P')

(1,1)




Example: pencil of planes containing a line
e Case r = 2 (pairs of (possibly infinitely near) sections):

4 4
Aa,b,c,d X Aa’,b’,c’,d/ 2 A

> o:P;— X a section of , that is, a line o(P}) C X
» 7:PL—bl, X a section of bl, X —X—PL,
(the exceptional divisor is P* x P')

(1,2)




Example: pencil of planes containing a line
e Case r = 2 (pairs of (possibly infinitely near) sections):
Ai,b,c,d X A‘;/’b/’(__/’d/ 2 A
> o:P.— X a section of 7, that is, a line o(P}) C X

> T:Pﬂlﬁﬁblgx a section of bIaXHXHIP’EIS,
(the exceptional divisor is P* x P')

Ch = vouv1u|_| Vv,
n>2

A x A% = (T\A)u((A“xA“)\T)u(A)

e “all" infinitesimal information...as a Y-schemel



The blow up split section family

V4

cl.embl

YT —%XxY
k

X




The blow up split section family

V4 Zxx'B

cl .embl Cartierl

L xXxY BxY

]

x b B

The couple (B, b) is the blow up §family of = along Z.



The blow up split section family

Z Z xXx B
cl.embl Cartierl
YT —XxY BxY
k x b B

The couple (B, b) is the blow up §family of = along Z.

Theorem
If

e X quasiprojective
e Y proper, smooth and irreducible,
then (B, b) exists.



The blow up §family: structure

Flattening stratification:



The blow up §family: structure

Flattening stratification:
 —— |—|P Zp

4

e Unique stratum A := Xp, the core, such that Zp— Xp X Y is iso.



The blow up §family: structure

Flattening stratification:
 —— |—|P Zp

4

e Unique stratum A := Xp, the core, such that Zp— Xp X Y is iso.
e For every P, there is Up C Xp such that Zp N Up— Up x Y is
Cartier.



The blow up §family: structure

Flattening stratification:
 —— |—|P Zp

4

e Unique stratum A := Xp, the core, such that Zp— Xp X Y is iso.
e For every P, there is Up C Xp such that Zp N Up— Up x Y is
Cartier.

Theorem
If
e X is quasiprojective
e Y is projective and smooth

then,
B\ b (D)= | |Up.
P



The blow up §family and Ucs (iterative
construction)

Consider the blow up §family (B, b) of
(C/, Xa L C/,) XY —Cl, xq,_, Cly

along
Z:={(r,7,y): 7(y) =71/(y)}

Theorem
If

e X is quasiprojective
e Y is projective and smooth
then,

Clry1 Egop th. B U "exceptional components”.
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Second result on Ucs (notation)
Consider F: Cl,11— Cl, x¢,_, Cl, sending
(Tla cee 7Tr>Tr+1) *’(7'1, ey Ty Tl ey b|7—r OT,+1)

e Observation Flg = b (On the example, (o, 7)— (o; bl oT))

11



Second result on Ucs (notation)
Consider F: Cl,11— Cl, x¢,_, Cl, sending
(7-17 BREE) Tr77—r+1)}—>(7—17 s Try Tlye oy bIT, OTrJrl)

e Observation Flg = b (On the example, (o, 7)— (o; bl oT))

Consider the flattening stratification of Z— Cl, x¢;,_, Cl,

Z— (C/, xcp_, C/,) XY —— Cly xq,_, Cly

J J J

Ze Y (r.7")

The core is Ag,
Cl, x Cl_4 Cl, = AC/, [ |_| Dp
P
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Second result on Ucs (structure)

Theorem
If

e X5 Y is a steady family (to define C,)
e X is quasiprojective
e Y is projective and smooth

then for every irreducible component C C Cl,1, there is P with
F(C) < Dp
o if Dp # ACI,: then

Flc

e T

C—> b|/(D7P) —— Dp

where | fails to be Cartier only on the diagonal A¢c;, N Dp.
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The component of (limits of ) meeting lines
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The component of (limits of ) meeting lines

Moltes gracies
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